Published by Institute of Physics Publishing for SISSA Received: July 28, 2005 Revised: September 19, 2005 Accepted: September 27, 2005 Published: October 7, 2005

On the gauge invariance and coordinate transformations of non-abelian D-brane actions

Joke Adam

Instituut voor Theoretische Fysica, K.U. Leuven Celestijnenlaan 200D, B-3001 Leuven, Belgium E-mail: joke.adam@fys.kuleuven.ac.be

Ignacio A. Illán and Bert Janssen

Departamento de Física Teórica y del Cosmos and Centro Andaluz de Física de Partículas Elementales Universidad de Granada 18071 Granada, Spain E-mail: ignacio@physik.hu-berlin.de, bjanssen@ugr.es

Abstract: We study the variations of the worldvolume fields in the non-abelian action for multiple D-branes. Using T-duality we find that the embedding scalars transform non-trivially under NS-NS gauge transformations as δX ∼ [X, X] and prove that the non-abelian Chern-Simons action is invariant under these transformations. Given that T-duality relates the (part of the) NS-NS transformation with (part of the) general coordinate transformations, we can get some insight in the structure of non-abelian coordinate transformations.

Keywords: M(atrix) Theories, D-branes, Non-Commutative Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep102005022 /jhep102005022 .pdf

Contents

1. Introduction 1

2. Variation of the worldvolume fields through T-duality 3

3. NS-NS transformations of the fields 7

4. Invariance of the D6-brane action 9

5. Discussion 12

A. Invariance of the general Dp-brane action 13

1. Introduction

The dielectric effect [1] is by now a well established phenomenon in modern string theory. The effect is a manifestation of the non-abelian physics of multiple coinciding D-branes, which is a direct consequence of the U(1)^N → U(N) gauge enhancement in the worldvolume theory of a stack of D-branes [2]. Applications of the dielectric effect can be found in numerous parts of string theory: the polarisation of Dp-branes into a single fuzzy D(p + 2)- brane [3, 1, 4], gravity duals of confining gauge theories [5, 6], enhançons [7], matrix models in non-trivial backgrounds [8], a microscopic description of giant gravitons [9 – 11] and attempts to construct longitudinal 5-branes in Matrix theory [12, 13], just to mention a few.

The effect is due to a number of non-abelian terms in the Chern-Simons part of the worldvolume action of N coinciding Dp-branes, which allow the Dp-branes to couple to R-R forms of rank n > (p + 1). The presence of these non-abelian couplings can be derived in several ways: either via Matrix theory methods [14], at least for weakly curved backgrounds, or via T-duality, requiring that the Chern-Simons action is of the same form as the duality maps a Dp into a D(p − 1)-brane [1], generalising to the non-abelian case the calculation of [15, 16]. It was shown that in this case the U(N) covariant derivative DX of the pullback, necessary in order for the action to transform well under U(N) gauge transformations [17, 18], is mapped by T-duality into a commutator term [X, X]. These commutator terms are usually referred to as the dielectric terms, as they allow solutions of polarised brane configurations.

Although the dielectric terms arise naturally form Matrix theory and T-duality and are responsible for numerous successes in string theory, the issue of the gauge invariance of the Chern-Simons action including these dielectric terms has so far mostly been neglected. In [19] a first attempt was made to clarify the gauge invariance of non-abelian D-brane

– 1 – actions, however this was done before the work of [17, 18, 1], so neither the covariant pullback, nor the dielectric terms were taken into account. The problem of the gauge invariance of the dielectric terms was first tackled in [20] for the R-R transformations δC_p = ∂Λ_{p−1} by writing the action as a series of terms that involve only the R-R field strengths. The results are quite limited though, as they do not take into account the full R-R transformations δC_p = � k ∂Λ_{p−2k−1} B^k, the NS-NS transformation δB = ∂Σ and the massive gauge transformation δC_p = −mΣB^{(p−1)/2} .

A different approach was taken in [21]. Here, instead of writing the action in an explicitly invariant way, the variations of the background fields in the non-abelian action were reviewed. It was shown that, in order for the action to transform at the same time as a total derivative, as a scalar under U(N) and with the correct abelian limit, the transformation of pullback of the R-R fields in the non-abelian action had to be defined as^1

δP [(i_X i_X )^rC_p] = DP [(i_X i_X )^rΛ_{p−1} ] (1.1)

for the variation δC_p = ∂Λ_{p−1} (for the definition of the full R-R transformation rules involving the Kalb-Ramond field B, we refer to [21]).

It was also shown that the action could be written in such a way that the Kalb- Ramond field either combines with the Born-Infeld field strength F = 2∂V + i[V, V ] into the combination F = F + P [B] or appears contracted with commutator terms in the form (i_X i_X B) and (i_X B). Defining the variation of the pullback of B analogously to (1.1)

δP [B] = 2DP [Σ] , (1.2)

it was argued that F was gauge invariant, while the variation of the remaining terms (i_X i_X B) and (i_X B) was zero, due to the isometries in the transverse space necessary in order to perform the T-dualities. The presence of the isometries was believed to be related to the problem of how to perform general coordinate transformations in a non-commutative geometry.

There are reasons to believe, however, that these arguments are not quite true. A first hint comes from the fact that for the dielectric effect, the expansion of N Dp-branes into a spherical, fuzzy D(p + 2)-brane, the dependence on the transverse direction is necessary. In some way, the isometry direction can be removed and the dependence restored after the T-duality is performed, just in the same way as in the abelian case.

This leaves us with two questions, an immediate and a deeper one. The immediate question is: what happens to the NS-NS gauge invariance of the Chern-Simons action and more precisely, what is the variation of the contracted Kalb-Ramond fields (i_X i_X B) and (i_X B)? Do we need to add more terms to the action in order to cancel these variations or is the action invariant in its present form, as derived from T-duality in [1]? We will show in this letter that all the fields in the action (both target space as worldvolume) transform non-trivially under NS-NS transformations and that the action is in fact invariant.

1We use the shorthand notation (iX iX )Cp for the contraction of the commutators with the bulk fields, defined as (iX iX C)μ_1 ...μ_n =^1_2 [X^ρ , X^ν ]Cνρμ_1 ...μ_n .

– 2 –

The deeper question is about the role played by the non-commutative general coordinate transformations in a non-abelian action. The restoring of the dependence of transverse coordinates after T-duality is not the only example of non-commutative diffeomorphisms playing a subtle role in the calculation. In [22, 13] an effective action for non-abelian gravitational waves was used, which strictly speaking is only valid after the coordinate transformation X → Y and Y → −X. Although it is not clear how to perform such a coordinate transformation in a rigorous way, the results reproduce precisely the known results of the abelian limit.

There have been numerous studies about non-commutative diffeomorphism invariance in string theory [23 – 27], ranging from worldsheet arguments to geometrical approaches. In this paper we would like to focus the issue from a different perspective. As we are originally interested in the gauge invariance of the non-abelian Chern-Simons action, we will try to obtain some information about the structure of coordinate transformations from these gauge transformations.

It is well known that T-duality interchanges winding and momentum modes, or in other words certain components of the metric with certain components of the Kalb-Ramond field. It is then clear that the variations of the Kalb-Ramond field (i.e. NS-NS gauge transformations) are mapped by T-duality into variations of the metric (i.e. coordinate transformations), at least part of each of these. We will apply T-duality on the variations of the worldvolume fields and derive their transformation rules.

The paper is organised as follows: in section 2 we derive carefully the variations of the worldvolume fields (embedding scalars and Born-Infeld vector) under worldvolume and target space diffeomorphisms, U(N) gauge transformations and NS-NS gauge transformations, as implied by T-duality. In particular, we will see that the non-abelian embedding scalars transform non-trivially under NS-NS transformations. In section 3 we concentrate on this NS-NS variation and derive the precise form of the variations of the different constituents of the action and in section 4 we prove the invariance of the non-abelian D6-brane Chern- Simons action under these transformations. The general case of the non-abelian Dp-brane action is left the appendix.

It is worth noticing though, that the effective worldvolume action of D-branes derived by Myers in [1] is in fact a low energy approximations, valid only till leading order in α^′. The results presented here will of course have the same validity.

2. Variation of the worldvolume fields through T-duality

The T-duality between a Dp and a D(p − 1)-brane implies, at the level of the effective actions, that the physical content of both effective actions is equivalent. In particular, there exists a one to one map between the field content of both actions. Furthermore, the role played by specific fields in one action should be the same as the role played by these fields in the other one. It turns out that from these two properties we can derive information about the form of the action and the variation of the worldvolume fields.

– 3 –

Let us first look briefly at the abelian case, in order to set our conventions. A well known consequence of the first property is the mixing of the embedding scalars X and the Born-Infeld (BI) vector V under T-duality [16]: whereas the bosonic field content of the Dp-brane consists of a (p + 1)-dimensional U(1) vector V̂_â and (9 − p) transverse scalars Y^i, the field content of the D(p − 1)-brane contains a vector V_a in one dimension less, but has one extra transverse scalar X^x. The T-duality between the D(p − 1)-brane and the Dp-brane, performed in one of the worldvolume directions of the Dp-brane, therefore maps the extra component of V̂_â into the extra transverse scalar of the X^î’s. Concretely, the T-duality map between the bosonic worldvolume fields is given by^2 V̂_a −→ V_a , Y i −→ X i , V̂_x −→ X x , Y x = σ x . (2.1)

The last equation is merely an expression of the fact that we write the actions in the static gauge, at least the direction in which the T-duality is performed, while the first two state that the BI vector components and the transverse scalars in directions different from the T-dualised one are the same in both actions. The third equation is the one that matches the bosonic degrees of freedom, mapping the x-component of the Dp-brane BI vector with the extra embedding scalar of the D(p − 1)-brane.

It is easy to show that under the above transformations (2.1) the BI field strength F̂_{âb̂} = 2∂_{[â}V_{b̂]} and the pull-back ∂_âY i transform under T-duality as:

∂_aY^i −→ ∂_aX^i , ∂_xY^i = 0 , ∂_âY^x = δ^x_â , F̂_{ax} −→ ∂_aX^x , F̂_{ab} −→ F_{ab} . (2.2)

These duality rules, together with the duality rules for the background fields [28], guarantee the fact that the action of the Dp-brane is mapped into the action of the D(p−1)-brane [15, 16].

The second conclusion, namely that the role played by each field in both actions should be the same, implies that the variations of the worldvolume fields should have the same form in both actions. In particular, the BI vector V̂_â of the Dp-brane transforms as a vector under worldvolume coordinate transformations ζ̂^â, as a gauge potential under U(1) transformations χ̂ and with the pullback of a shift under the NS-NS gauge transformations of the Kalb-Ramond field δB_{μ̂ν̂} = 2∂_{[μ̂} Σ_{ν̂]}:

δV̂_â = ζ̂^{b̂}∂_{b̂}V̂_â + ∂_âζ̂^{b̂}V̂_{b̂} + ∂_âχ̂ − Σ_{μ̂} ∂_âY^{μ̂} . (2.3)

It is the last term that makes the quantity F̂_{âb̂} = F̂_{âb̂} + B_{μ̂ν̂} ∂_âY^{μ̂} ∂_{b̂}Y^{ν̂} in the D-brane effective action invariant under NS-NS gauge transformations.

It is easy to show, T-dualising the a-components of the above equation, that the variations of the BI vector V_a of the D(p − 1)-brane are of the same form

δV_a = ζ^b∂_bV_a + ∂_aζ^bV_b + ∂_aχ − Σ_μ ∂_aX^μ , (2.4)

2Our notation for this section is as follows: we split the worldvolume indices â = (a, x) and the transverse indices î = (i, x), where we denote by σ^x the worldvolume direction of the Dp-brane in which the T-duality is performed and by Y^x the target space direction corresponding to the same. In the same way we split the full target space indices μ̂ = 0, . . . , 9 into μ = 0, . . . , 8 and x.

– 4 – given that the gauge parameters transform under T-duality as

ζ̂a −→ ζ a , Σ_μ −→ Σ_μ , χ̂ −→ χ − Σ_xXx , ζ̂x −→ Σ_x , Σ_x −→ ξ x , (2.5)

where we denote by ξ^{μ̂} the parameter of general coordinate transformations δx^{μ̂} = −ξ^{μ̂} in the target space. The interchange between parameters of coordinate transformations ζ̂ and ξ, and NS-NS gauge transformations Σ is a consequence of the interchange of components of the metric and components of the Kalb-Ramond field by T-duality.

With the same duality rules we can also derive the variations of the embedding scalars. From the variation of V̂_x, we see that X^x transforms as a scalar under worldvolume coordinate transformations, but as a coordinate under target space diffeomorphisms:

δX^x = ζ^b∂_bX^x − ξ^x . (2.6)

The form of the transformation rule for X^x suggests that the variation of the embedding scalars in general are given by:

δX^{μ̂} = ζ^b∂_bX^{μ̂} − ξ^{μ̂} . (2.7)

Indeed, assigning the same status to the Y^{μ̂} ’s as to the X^{μ̂} ’s by supposing that their variations are given by δY^{μ̂} = ζ̂^{b̂}∂_{b̂}Y^{μ̂} − ξ^{μ̂} . (2.8)

Applying T-duality to Y^i we find exactly the equation (2.7).

Note that where the interchange of gauge transformations and diffeomorphisms in the abelian case is an obvious consequence of the T-duality rules, the same property might become especially interesting in the non-abelian case, where the concept of general coordinate transformations is much more difficult to understand. We will come to this point later on in this section.

Much of the above story holds also for the non-abelian case. The T-duality rule for the worldvolume fields (2.1) and the gauge parameters (2.5) are the same as for the abelian case, as they match the degrees of freedom in both actions. The main difference however lies in the duality rules for the U(N) covariant pullbacks D̂_âY^{μ̂} = ∂_âY^{μ̂} + i[V̂_â, Y^{μ̂} ] and the Yang-Mills field strengths F̂_{âb̂} = 2∂_{[â}V_{b̂]} + i[V̂_â, V̂_{b̂}]. In the non-abelian case, these rules are given by

D̂_aY i −→ D_aXi , D̂_xY i −→ i[X x, Xi] , ∂_âY x = δ^x_â , F̂_{ax} −→ D_aXx , F̂_{ab} −→ F_{ab} . (2.9)

As was first realised in [1], due to the non-trivial commutator term in the covariant derivative in the pullback, there is a non-trivial contribution from the dualisation of

D̂_xY^i = i[V_x, Y^i] −→ i[X^x, X^i] . (2.10)

These extra contributions give rise to the so-called dielectric terms in the non-abelian D-brane actions, enabling a Dp-brane to couple to R-R field of rank n > p + 1.

– 5 –

It is not difficult to see that a similar effect happens when deriving the duality rules for the gauge parameters (2.5). The non-abelian generalisation of the variations (2.3) of the BI vector V̂_â are given by

δV̂_â = ζ̂^{b̂}∂_{b̂}V̂_â + ∂_âζ̂^{b̂}V̂_{b̂} + D̂_âχ̂ − Σ_{μ̂} D̂_âY^{μ̂} . (2.11)

Note that V̂_â still transforms as a vector under the general coordinate transformations of the worldvolume coordinates (which remain abelian), but has been promoted to the Yang- Mills vector of the U(N) gauge group. Consistently with the pullbacks of the background fields in the actions we have replaced the pullback of the NS-NS gauge parameter Σ_{μ̂} by a covariant pullback.^3 A straightforward calculation, dualising the V̂_a-components of (2.11), shows that the variation of the BI vector of the D(p − 1)-brane is of the same form:

δV_a = ζ^b∂_bV_a + ∂_aζ^bV_b + D_aχ − Σ_{μ̂} D_aX^{μ̂} , (2.12)

where again we used the T-duality rules (2.5) for the gauge parameters.

In the same way, T-dualising the V̂_x component of (2.11), we obtain the variations of X^x:

δX^x = ζ^b∂_bX^x − ξ^x + i[X^x, χ] − iΣ_{ρ̂}[X^x, X^{ρ̂} ] , (2.13)

which suggests the following variation for the general embedding scalars X^{μ̂} :

δX^{μ̂} = ζ^b∂_bX^{μ̂} − ξ^{μ̂} + i[X^{μ̂} , χ] + iΣ_{ρ̂}[X^{ρ̂}, X^{μ̂} ] . (2.14)

Indeed, analogously as in the abelian case, supposing that the variation of Y^{μ̂} is of the form (2.14) δY^{μ̂} = ζ̂^{b̂}∂_{b̂}Y^{μ̂} − ξ^{μ̂} + i[Y^{μ̂} , χ] + iΣ_{ρ̂}[Y^{ρ̂}, Y^{μ̂} ] (2.15)

and applying T-duality to Y^i, we find exactly the equation (2.14).

Note that the variation of the embedding scalars is considerably more complicated than in the abelian case. The first and the third term state that the X’s (or Y ’s) behave as scalars under worldvolume coordinate transformations and sit in the adjoint of the U(N) gauge group, as one expects.

The second term of (2.14) says that the embedding scalars are in fact the coordinates in the target space and transform as such under target space diffeomorphisms. Note that we have not made any assumption on how non-commutative diffeomorphisms should be performed and that the above form of the variation is induced by T-duality. It is remarkable that, in spite of the difficulty of how to implement non-commutative general coordinate transformations, in our case the variation of the embedding scalars does not receive any non-abelian corrections, in contrast to the proposals made in for example [25] or [27]. Note however that the algebra under which the coordinates transform is different for [27]. There the coordinates fulfill the canonical commutation relations [X^{μ̂} , X^{ν̂} ] = iθ^{μ̂ν̂} , where as in

3This expression for the NS-NS variation of V was motivated in [21] by demanding F = F + P [B] to be invariant, as the variation of P [B] was believed to be δP [B] = 2DP [Σ]. Here, however, we do not wish to use this argument, since it will receive considerable corrections, as we will see shortly. A more correct argument is that this term in the variation is necessary to obtain the same form after T-duality.

– 6 – our case they are scalars in the adjoint representation of U(N). It is known that the way of how to generalise non-commutative diffeomorphisms depends on the algebra satisfied by the coordinates.

Finally, the last term of (2.14) is a variation due to the NS-NS gauge transformation of the Kalb-Ramond field δB_{μ̂ν̂} = 2∂_{[μ̂} Σ_{ν̂]}. This term is entirely non-abelian and it arises exactly the same way as the dielectric couplings in [1], namely due to the non-trivial commutator term in the pullback Σ_{μ̂} D_xY^{μ̂} in (2.11). The existence of this term was already suggested in [29], though its interpretation is less clear. In [24, 25] it was observed that from the string theory point of view it is not clear whether transformations of the embedding scalars of the form δX ∼ [X, X] are in fact geometrical, i.e. whether they are really coordinate transformations. Our derivation, made above, seems to indicate that this is indeed not the case and that (at least part of) these transformations should be seen rather as NS-NS gauge transformations acting on the embedding scalars, given that they transform with the same parameter as the Kalb-Ramond field B_{μ̂ν̂} .

It has also been suggested in [29] that these transformations could take care of the NS-NS gauge transformations of the terms of the form [X^{μ̂} , X^{ν̂} ]B_{μ̂ν̂} and [X^{μ̂} , X^{ρ̂}]B_{μ̂ν̂} in the Chern-Simons term of the non-abelian Dp-branes. As explained in the introduction, these are precisely the terms that do not combine into the (apparently) gauge invariant quantity F = F + P [B] and therefore seem to challenge the NS-NS gauge invariance of the non-abelian Chern-Simons action. Note however that the situation is much more complex now, since together with the embedding scalars, also the pullbacks, the dielectric couplings and even the bulk fields will transform under the NS-NS transformations. We will show in the following sections that the action is in fact gauge invariant if one take into account the variations of the all these constituents.

3. NS-NS transformations of the fields

Before we will show the NS-NS gauge invariance of non-abelian Chern-Simons action, it is convenient to have a closer look on how the different constituents of the action transform under the Σ_{μ̂} -transformations. It will be clear that, once the embedding scalars transform under the variation, all fields and quantities that depend on them will start to transform as well.

It is straightforward to show that under the NS-NS gauge transformation

δB_{μν} = 2∂_{[μ} Σ_{ν]} , δV_a = −Σ_μ D_aX^μ , δX^μ = iΣ_ρ[X^ρ, X^μ ] , (3.1)

the BI field strength, the U(N) covariant pullback and the commutator transform as follows:

δF_{ab} = −2D_{[a}(Σ_μ D_{b]}X^μ ),

δ(D_aX^μ ) = iD_a(Σ_ρ[X^ρ, X^μ ]) − i[Σ_ρD_aX^ρ, X^μ ] , δ[X^μ , X^ν ] = iΣ_ρ[X^ρ, [X^μ , X^ν ]] − i[Σ_ρ, X^μ ][X^ρ, X^ν ] + i[Σ_ρ, X^ν ][X^ρ, X^μ ] . (3.2)

– 7 –

As a target space field Φ depends on the non-abelian coordinates via the non-abelian Taylor expansion [30, 31] Φ(X^λ ) = � n 1 n! ∂_{μ 1} . . . ∂_{μ n} Φ(x^λ )|_xλ_{=0}X^{μ 1} . . . X^{μ n} , (3.3)

the variation of this field under the transformations (3.1) is given by δΦ = iΣ_ρ[X^ρ, Φ] . (3.4) Note that the Kalb-Ramond field has an extra term due to its own gauge variation. Its full variation is therefore given by δB_{μν} = 2∂_{[μ} Σ_{ν]} + iΣ_ρ[X^ρ, B_{μν} ] . (3.5) Using the properties of the non-abelian Taylor expansion (3.3), one can derive the following useful identities for general background fields D_aΦ(X) = ∂_μ Φ(X) D_aX^μ , [Φ(X), X^μ ] = ∂_ρΦ(X) [X^ρ, X^μ ] . (3.6) The Taylor expansion (3.3) requires a symmetrised trace prescription [32], so the identities (3.6) are only valid when performed inside the action.

Taking in account the restriction of the symmetrised trace, one can use the identities (3.6) to rewrite the variations (3.1), (3.2) and (3.4), yielding

δV_a = −Σ_μ D_aX^μ δX^μ = i[X^ρ, Σ_ρX^μ ] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ ]X^μ , δF_{ab} = i[X^ρ, Σ_ρF_{ab}] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ]F_{ab} − 2∂_{[σ} Σ_{ρ]}D_{[a}X^σ D_{b]}X^ρ, δD_aX^μ = i[X^ρ, Σ_ρD_aX^μ ] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ]D_aX^μ + 2i∂_{[σ} Σ_{ρ]}D_aX^σ [X^ρ, X^μ ], δ[X^μ , X^ν ] = i[X^ρ, Σ_ρ[X^μ , X^ν ]] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ][X^μ , X^ν ] − 2i∂_{[σ} Σ_{ρ]}[X^σ , X^μ ][X^ρ, X^ν ] , δΦ = i[X^ρ, Σ_ρΦ] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ]Φ . (3.7) Note that, except for the variation of V_a, all variations have the same structure:

δZ = i[X^ρ, Σ_ρZ] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ]Z + possible correction terms , (3.8) Furthermore the second term in the variation is proportional to (i_X i_X ∂Σ), which has the same form as what one naively would say is the variation of (i_X i_X B), one of the terms that do not combine into an F. On the other hand, the correction terms, present in the variation of F , DX and [X, X] are proportional to different contractions of ∂Σ with the embedding scalars. We will see in the next section that the variations have precisely the correct structure to ensure the gauge invariance of the action.

– 8 –

Finally it is worthwhile to notice that the general structure of the transformations given in (3.8) holds, even for the case where Z is a composite object. It is not difficult to show that in that case we have that

δ(Z_1Z_2) = i[X^ρ, Σ_ρ(Z_1Z_2)] + i∂_{[σ} Σ_{ρ]}[X^σ , X^ρ](Z_1Z_2) +

+ possible correction terms due to Z_1

+ possible correction terms due to Z_2 , (3.9)

To summarise, we give in shorthand notation the variations (3.7) of the objects that appear in the action:

δV = −P [Σ] ,

δX^. = i[X, ΣX^.] − 2i(i_X i_X ∂Σ)X^.,

δF = i[X, ΣF ] − 2i(i_X i_X ∂Σ)F − 2P [∂Σ] ,

δDX^. = i[X, ΣDX^.] − 2i(i_X i_X ∂Σ)DX^. − 4iP [(i_X ∂Σ)i_X .] ,

δ(i_X i_X .) = i[X, Σ(i_X i_X .)] − 2i(i_X i_X ∂Σ)(i_X i_X .) + 4iP [(i_X i_Y ∂Σ)i_Y i_X .] ,

δΦ = i[X, ΣΦ] − 2i(i_X i_X ∂Σ)Φ . (3.10)

The convention for the last term in the variations of DX and [X, X] should be clear from (3.7), but for the sake of clearness give our convention explictly:

P [(i_X ∂Σ)i_X .] = 1 2 [X^σ , X^μ ]∂_{[σ} Σ_{ρ]} ,

(i_X i_Y ∂Σ)(i_Y i_X C_2) = 1 4 [X^ν , X^σ ][X^ρ , X^μ ]∂_{[σ} Σ_{ρ]}C_{μν} . (3.11)

We recall that strictly speaking the above variation rules are only valid when used inside a symmetrised trace.

4. Invariance of the D6-brane action

In this section we will prove the gauge invariance of the non-abelian Chern-Simons action of the D6-brane, as it is the simplest non-trivial case. (For a general proof of the invariance of the Dp-brane action we refer to the appendix.) It is however instructive to first consider the variation of a typical term from the action.

Given the transformation rules (3.10), it is not difficult to see that the variation of a typical term L = STr � P � (i_X i_X )^r � C_pB^k � F^m � (4.1)

in the Chern-Simons action will transform as follows:

δL = STr � i[X^ρ , Σ_ρL] − 2iP � (i_X i_X ∂Σ)(i_X i_X )^r � C_pB^k � F^m +

– 9 –

+ 4ir P � (i_X i_Y ∂Σ)(i_Y i_X )(i_X i_X )^{r−1} � C_pB^k � F^m +

+ 2k P � (i_X i_X )^r � C_pB^{k−1} ∂Σ � F^m

− 4i(p − 2r + 2k) P � (i_X ∂Σ)i_X (i_X i_X )^r � C_pB^k � F^m −

− 2m P � (i_X i_X )^r � C_pB^k � ∂Σ � F^{m−1} � , (4.2)

where the first two terms come from the general structure of the variations, the third term from the correction term in the variation of [X, X], the fourth one from the variation of B_{μν} , the fifth from the correction term in the variation of the DX’s and the last term from the correction term in the variation of F .

Making use of the fact that the different (i_X i_X ) contractions are distributed over the antisymmetrised combination of background fields (C_pB^k∂Σ) as

(p + 2k + 2)(p + 2k + 1) (i_X i_X )^{r+1} � C_pB^k∂Σ � = = 2(r + 1) (i_X i_X )^r � C_pB^k � i_X i_X ∂Σ � − − 4r(r + 1) (i_X i_Y )(i_X i_X )^{r−1} � C_pB^k � i_Y i_X ∂Σ � + + 4(r + 1)(p − 2r + 2k) � i_X ∂Σ � i_X (i_X i_X )^r � C_pB^k � + + (p − 2r + 2k)(p − 2r + 2k − 1) (i_X i_X )^{r+1} � C_pB^k � ∂Σ ,

we can combine the second, the third and the fifth term of (4.2) and rewrite the expression as δL = STr � 2k P � (i_X i_X )^r � C_pB^{k−1} ∂Σ � F^m − 2m P � (i_X i_X )^r � C_pB^k � ∂Σ � F^{m−1} −

− i^{(p+2k+2)(p+2k+1)}

(r+1) P � (i_X i_X )^{r+1} � C_pB^k∂Σ � F^m +

+ i^{(p−2r+2k)(p−2r+2k−1)}

(r+1) P � (i_X i_X )^{r+1} � C_pB^k � ∂Σ � F^m � . (4.3)

Note that we have omitted the first term of (4.2), since the trace of a single commutator of U(N) matrices is zero. We then see that the variation of a typical term (4.1) can be written as contractions of commutator couplings with the antisymmetrised combination (C_pB^k∂Σ) or contractions of (C_pB^k) antisymmetrised with ∂Σ.

The point now is that the various contributions in the variation of terms with the same value for p, but with different values for r, k and m will cancel the terms in (4.3). We will show that the coefficients of each term are such that the respective terms precisely cancel.

The Chern-Simons part of the non-abelian D6-brane action can be written as [1]

L_{D6} = STr

�_1 � r=0 3+r� n=0 n� k=0^∗

α_{rnk}P � (i_X i_X )^r � C_{7+2r−2n} B^k � F^{n−k} � , (4.4)

– 10 – where the coefficients α_{rnk} are given by

α_{rnk} =

(−1)^{n+r} i^r 7!(7 + 2r − 2n + 2k)! 2^n(n − k)! k! r! (7 − 2n + 2k)!(7 + 2r − 2n)!

. (4.5)

The star in the summation over k indicates that for the terms with r = 1 and n = 4 the lowest possible value is actually k = 1 rather then k = 0.

Making use of (4.3), the variation of L_{D6} yields

δL_{D6} = � r,n,k

α_{rnk} STr � 2k P � (i_X i_X )^r � C_{7+2r−2n} B^{k−1} ∂Σ � F^{n−k} −

− 2(n − k) P � (i_X i_X )^r � C_{7+2r−2n} B^k � ∂Σ � F^{n−k−1} − − i (9 + 2r − 2n + 2k)(8 + 2r − 2n + 2k) (r + 1) × × P � (i_X i_X )^{r+1} � C_{7+2r−2n} B^k∂Σ � F^{n−k} + + i (7 − 2n + 2k)(6 − 2n + 2k)

(r + 1) × × P � (i_X i_X )^{r+1} � C_{7+2r−2n} B^k � ∂Σ � F^{n−k} � , (4.6)

where we omitted the single commutator term, as it vanishes upon taking the trace. The r = 1 contributions in the last two term are zero, since on the one hand we have four embedding scalars contracted with an antisymmetrised combination of background fields, while on the other hand the D6-brane only has three transverse (and hence non-abelian) scalars.

Writing out explicitly the remaining terms, we find

δL_{D6} = STr

�_3� n=1 n� k=1 (−)^n7!

2^{n−1} (n−k)!(k−1)!(7−2n)! P � C_{7−2n} B^{k−1} ∂Σ � F^{n−k} +

+ 4� n=1 n� k=1 (−)^{n+1} i7!(9−2n+2k)!

2^{n−1} (n−k)!(k−1)!(7−2n+2k)!(9−2n)! P � (i_X i_X ) � C_{9−2n} B^{k−1} ∂Σ � F^{n−k} +

+ 3� n=1 n−1� k=0 (−)^{n+1} 7!

2^{n−1} (n−k−1)!k!(7−2n)! P � C_{7−2n} B^k∂Σ � F^{n−k−1} +

+ 4� n=1 n−1�

k=0^∗

(−)^{n+2}i 7! (9−2n+2k)!

2^{n−1} (n−k−1)!k!(7−2n+2k)!(9−2n)! P � (i_X i_X ) � C_{9−2n} B^k � ∂Σ � F^{n−k−1} +

+ 3� n=0 n� k=0 (−)^{n+1}i 7! (9−2n+2k)!

2^n(n−k)!k!(7−2n+2k)!(7−2n)! P � (i_X i_X ) � C_{7−2n} B^k∂Σ � F^{n−k} + (4.7)

+ 3� n=0 n� k=0^∗

(−)^ni 7! (7−2n+2k)!

2^n(n−k)!k!(5−2n+2k)!(7−2n)! P � (i_X i_X ) � C_{7−2n} B^k � ∂Σ � F^{n−k} � = 0 ,

– 11 – as the first term cancels the third after relabeling k − 1 = l, the second term cancels the fifth after relabeling n − 1 = m and k − 1 = l and the the fourth term cancels the last one after relabeling n − 1 = m.

In summary, the variation under the NS-NS variations of the D6-brane vanishes exactly, as it can be written as a series of terms which cancel each other exactly, plus a series of terms that are identically zero, either because they form a single commutator, or because they contain more dielectric couplings than the transverse directions actually permit.

The general result for the invariance of the Dp-brane is completely analogous, though it involves a few more terms which are not present in this simple case. We will not give the full proof here and refer the interested reader to the appendix.

5. Discussion

We have seen that the requirement that the worldvolume fields in the Dp-brane action play the same role as in the D(p−1)-brane, as T-duality suggests, induced non-abelian variations for the embedding scalars δX^μ ∼ Σ_ρ[X^ρ, X^μ ]. Given that the parameter Σ_μ is the same as the parameter of the gauge transformations of the Kalb-Ramond field B_{μν} , these variations can be interpreted as NS-NS gauge transformations of the embedding scalars.

The fact that the embedding scalars transform under gauge transformations implies that almost all of the components of the action transform as well in a non-trivial way: the pullbacks and the dielectric couplings, as they are combinations of the X’s, but also the background fields, as they are functions of the embedding scalars, even while in supergravity they are inert under NS-NS transformations.

The immediate question then arises whether the non-abelian D-brane action as given in [1] is invariant under these NS-NS transformations. In particular: are these variations able to cancel the variations of the terms of the form (i_X i_X )B and i_X B which were ignored in the study of the gauge invariance made in [21]?

We showed that this is indeed the case: the variations of the different components of a typical term P [(i_X i_X )^r(C_pB^k)]F^m (pullbacks, dielectric couplings, BI field strength, and background fields) are such that they combine with the variation of other terms with different values for r, k and m, and either cancel each other or form terms that vanish identically. The remarkable feature therefore is that the gauge invariant combinations are not, as in the case of the R-R gauge invariance, blocks with the same number r of dielectric couplings, but blocks with the same rank p of the R-R field. Furthermore it is remarkable that in spite of the non-trivial way each field transforms, the action is invariant in its present form. Therefore the conjecture of [21], predicting the existence of extra terms coming from a proper covariant formulation of the action, turns out to be wrong, at least in so far as they are needed to obtain an action which is invariant under the NS-NS transformations.

It is worth noticing that the way the NS-NS transformations act on the background fields is quite different from how the R-R transformations. In [21] it was proposed that the variations of the pullback of a R-R field is the derivative of the pullback of the gauge parameter δP [(i_X i_X )^rC_p] = DP [(i_X i_X )^rΛ_{p−1} ] . (5.1)

– 12 –

Actually, this was seen as the very definition of how to implement the R-R gauge transformation in the non-abelian worldvolume, as it is the only way to assure the the variation is a total derivative, a scalar under U(N) and reduces to the known abelian case. In other words, the implementation of the transformation rules had to be changed in order to obtain an invariant action. However in the case of the NS-NS gauge invariance, the transformation rules of each of the components was derived through T-duality and the variation of a typical term is just the sum of the variations of its components. For example the difference can be clearly seen when comparing the defined variation of P [C_2] and the derived variation of P [B_2], which are supposed to be each other S-duals. Acting with the covariant derivative of (5.1) inside the pullback, we have

δP [C_2] = 2P [∂Λ_1] − iΛ_1[X, F ] ,

δP [B_2] = 2P [∂Σ] − 2iP [(i_X i_X ∂Σ)B] − 8iP [(i_X ∂Σ)(i_X B)] . (5.2)

However one has to bear in mind that S-duality takes the action beyond the perturbative regime and that it is not clear how to incorporate this symmetry in a non-abelian theory. It is therefore not surprising that, in the actions considered here, fields that belong to different sectors transform in different ways under gauge transformations. In a fully nonperturbative description, both expressions (5.2) will most likely receive corrections, such that the symmetry is restored.

Finally it is not difficult to see that the corrections found in the NS-NS variation do not induce corrections in the massive gauge transformations in mIIA theory, even though these have the same gauge parameter Σ. We can therefore conclude that the non-abelian Chern-Simons action for D-branes as presented in [1] and completed with the mass term of [19] is invariant under the complete R-R, NS-NS and massive gauge transformations of the background fields.

Acknowledgments

We wish to thank Yolanda Lozano and Rob Myers for the useful discussions. The work of J.A. is done as Aspirant F.W.O. (Belgium). She is also partially supported by the European Commission FP6 program MRTN-CT-2004-005104, by the F.W.O.-Vlaanderen project G0193.00N and by the Belgian Federal Office for Scientific, Technical and Cultural Affairs through the Interuniversity Attraction Pole P5/27. The work of I.A.I. is supported by the M.E.C. (Spain) under the contract FPA2003-09298-C02-01. The work of B.J. is done as part of the program “Ramón y Cajal” of the M.E.C. and is partially supported by the M.E.C. under contract FIS 2004-06823. I.A.I. and B.J. are also partially supported by the Junta de Andalucía under the contract FQM 101.

A. Invariance of the general Dp-brane action

The proof of the invariance of the non-abelian Chern-Simons action for Dp-branes is analogous to and only slightly more complicated than the derivation given in section 4 for the D6-brane. We give the general result here for the sake of completeness.

– 13 –

The Chern-Simons part of the general non-abelian Dp-brane action is given by

L_{Dp} = STr � � � [^{9−p}_2 ]�

r=0

[^{p+2r+1}_2 ] � n=0 n� k=0^∗

α_{rnk}P � (i_X i_X )^r � C_{p+2r−2n+1} B^k � F^{n−k} � � � , (A.1)

where the coefficients α_{rnk} are given by

α_{rnk} =

(−1)^{n+r} i^r (p + 1)!(p + 2r − 2n + 2k + 1)! 2^n(n − k)! k! r! (p − 2n + 2k + 1)!(p + 2r − 2n + 1)!

. (A.2)

The square brackets in the upper summation limit refer to the integer part of the fraction, while the star in the summation over k indicates that for the terms with n > (p + 2k + 1)/2 the lowest possible value is actually k = (2n − p + 1)/2 rather then k = 0.

The variation of the action is given by

δL_{Dp} = STr

� [^{9−p}_2 ]� r=0

[^{p+2r+1}_2 ] � n=1 n� k=1^∗

2k α_{rnk} P � (i_X i_X )^r � C_{p+2r−2n+1} B^{k−1} ∂Σ � F^{n−k} +

+ [^{9−p}_2 ]�

r=0

[^{p+2r+1}_2 ] � n=1 n−1�

k=0^∗

(−2)(n − k) α_{rnk} ×

× P � (i_X i_X )^r � C_{p+2r−2n+1} B^k � ∂Σ � F^{n−k−1} +

+ [^{7−p}_2 ]�

r=0

[^{p+2r+1}_2 ] � n=0 n� k=0^∗

(−i)^{(p+2r−2n+2k+3)(p+2r−2n+2k+2)}

(r+1) α rnk × × P � (i_X i_X )^{r+1} � C_{p+2r−2n+1} B^k∂Σ � F^{n−k} +

+ [^{7−p}_2 ]�

r=0

[^{p+2r+1}_2 ] � n=0 n� k=0^∗

i^{(p−2n+2k+1)(p−2n+2k)}

(r+1) α rnk ×

× P � (i_X i_X )^{r+1} � C_{p+2r−2n+1} B^k � ∂Σ � F^{n−k} � , (A.3)

where we have omitted the single commutator and the r = [^{9−p}_2 ] contributions of the last

two terms as they carry a non-abelian coupling of the form (i_X i_X )^{[ 11−p}2^] while the D-brane only has 9 − p transverse directions.

It is straightforward to see that the r = 0 contribution of the first term cancels the r = 0 contribution of the second term. Similarly, the r ≠ 0 contributions of the first term cancel the third term, while the r ≠ 0 contributions of the second term cancel the fourth one.

References

[1] R.C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

– 14 –

[2] E. Witten, Bound states of strings and p-branes, Nucl. Phys. B 460 (1996) 335 [hep-th/9510135].

[3] R. Emparan, Born-Infeld strings tunneling to D-branes, Phys. Lett. B 423 (1998) 71 [hep-th/9711106].

[4] S.P. Trivedi and S. Vaidya, Fuzzy cosets and their gravity duals, JHEP 09 (2000) 041 [hep-th/0007011].

[5] J. Polchinski and M.J. Strassler, The string dual of a confining four-dimensional gauge theory, hep-th/0003136.

[6] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades and χSB-resolution of naked singularities, JHEP 08 (2000) 052 [hep-th/0007191].

[7] C.V. Johnson, Enhancons, fuzzy spheres and multi-monopoles, Phys. Rev. D 63 (2001) 065004 [hep-th/0004068].

[8] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[9] S.R. Das, S.P. Trivedi and S. Vaidya, Magnetic moments of branes and giant gravitons, JHEP 10 (2000) 037 [hep-th/0008203].

[10] R.C. Myers and O. Tafjord, Superstars and giant gravitons, JHEP 11 (2001) 009 [hep-th/0109127].

[11] B. Janssen and Y. Lozano, A microscopical description of giant gravitons, Nucl. Phys. B 658 (2003) 281 [hep-th/0207199].

[12] S.J. Hyun and J.H. Park, 5d action for longitudinal five branes on a pp-wave, JHEP 11 (2002) 001 [hep-th/0209219].

[13] Y. Lozano and D. Rodriguez-Gómez, Fuzzy 5-spheres and pp-wave matrix actions, JHEP 08 (2005) 044 [hep-th/0505073].

[14] I.W. Taylor and M. Van Raamsdonk, Multiple Dp-branes in weak background fields, Nucl.

Phys. B 573 (2000) 703 [hep-th/9910052].

[15] E. Álvarez, J.L.F. Barbón and J. Borlaf, T-duality for open strings, Nucl. Phys. B 479 (1996) 218 [hep-th/9603089].

[16] E. Bergshoeff and M. De Roo, D-branes and t-duality, Phys. Lett. B 380 (1996) 265 [hep-th/9603123].

[17] H. Dorn, Nonabelian gauge field dynamics on matrix D-branes, Nucl. Phys. B 494 (1997) 105 [hep-th/9612120].

[18] C.M. Hull, Matrix theory, u-duality and toroidal compactifications of M-theory, JHEP 10 (1998) 011 [hep-th/9711179].

[19] M.B. Green, C.M. Hull and P.K. Townsend, D-brane Wess-Zumino actions, t-duality and the cosmological constant, Phys. Lett. B 382 (1996) 65 [hep-th/9604119].

[20] C. Ciocarlie, On the gauge invariance of the Chern-Simons action for n d- branes, JHEP 07 (2001) 028 [hep-th/0105253].

[21] J. Adam, J. Gheerardyn, B. Janssen and Y. Lozano, The gauge invariance of the non-abelian Chern-Simons action for D-branes revisited, Phys. Lett. B 589 (2004) 59 [hep-th/0312264].

– 15 –

[22] B. Janssen, Y. Lozano and D. Rodriguez-Gomez, Giant gravitons and fuzzy CP_2, Nucl. Phys.

B 712 (2005) 371 [hep-th/0411181].

[23] J. De Boer and K. Schalm, General covariance of the non-abelian dbi-action, JHEP 02 (2003) 041 [hep-th/0108161].

[24] S.F. Hassan, N = 1 worldsheet boundary couplings and covariance of non- abelian worldvolume theory, hep-th/0308201.

[25] J. de Boer, K. Schalm and J. Wijnhout, General covariance of the non-abelian dbi-action:

checks and balances, Ann. Phys. (NY) 313 (2004) 425 [hep-th/0310150].

[26] D. Brecher, J. He and M. Rozali, On charged black holes in anti-de Sitter space, JHEP 04 (2005) 004 [hep-th/0410214].

[27] X. Calmet and A. Kobakhidze, Noncommutative general relativity, Phys. Rev. D 72 (2005) 045010 [hep-th/0506157].

[28] E. Bergshoeff, C.M. Hull and T. Ortin, Duality in the type-II superstring effective action, Nucl. Phys. B 451 (1995) 547 [hep-th/9504081].

[29] J. Adam, J. Gheerardyn, B. Janssen and Y. Lozano, On the gauge invariance of the non-abelian Chern-Simons action for D-branes, hep-th/0501206.

[30] M.R. Douglas, D-branes in curved space, Adv. Theor. Math. Phys. 1 (1998) 198 [hep-th/9703056].

[31] M.R. Garousi and R.C. Myers, World-volume interactions on D-branes, Nucl. Phys. B 542 (1999) 73 [hep-th/9809100].

[32] A.A. Tseytlin, On non-abelian generalisation of the Born-Infeld action in string theory, Nucl.

Phys. B 501 (1997) 41 [hep-th/9701125].

– 16 –